In the present work we use the mortar finite element method for the coupling of nonconforming discretized sub-domains in the framework of nonlinear elasticity. The mortar method has been shown to preserve optimal convergence rates (see Laursen (2002) [25] for details) and is variationally consistent. We show that the method can be applied to isogeometric analysis with little effort, once the framework of NURBS based shape functions has been implemented. Furthermore, a specific coordinate augmentation technique allows the design of an energy-momentum scheme for the constrained mechanical system under consideration. The excellent performance of the redesigned mortar method as well as the energy-momentum scheme is illustrated in representative numerical examples.
Introduction
Several decades ago, Lagrangian shape functions have been established as preferred basis for the numerical approximation of partial differential equations by means of the finite element method. In contrast, NURBS based shape functions, emanating from the field of Computer Aided Design (CAD), have been established as a vitally important tool for designers. Isogeometric analysis (see [23, 8] ) has been developed to link both worlds, using NURBS as a basis for Galerkin-based discretization schemes.
For the past few years, a wide range of problems have been addressed in the framework of isogeometric analysis, demonstrating the advantages of this approach. Isogeometric analysis has been applied to the field of fluid mechanics [2] , structural analysis [9, 10, 28] , shell formulations [3] , phase field models [13] and contact problems [33, 29] . For a comprehensive survey see Cottrell et al. [7] .
In this work, we apply domain decomposition methods to isogeometric analysis. These methods allow to subdivide bodies into several sub-domains, which can be meshed independently, using either Lagrangian or NURBS based shape functions. Additionally, h-, p-or k-refinement methods can be applied to single sub-domains with no regard to other sub-domains. In particular, we use mortar finite element mesh tying methods to join the dissimilarly meshed regions. Originally developed in Bernadi et al. [4] , several enhancements have been developed during the past years (see [34, 35, 12, 31] ). Furthermore, highly advanced techniques in the context of iterative solvers have been developed in recent years (see lecture notes in [1] ).
Numerical time integration schemes that facilitate algorithmic conservation of total energy as well as the momentum maps are of major importance for a wide range of applications, where the lack of algorithmic energy conservation can cause numerical blow-up behavior. In fact, energy-momentum conserving time-stepping schemes provide enhanced numerical stability in the field of nonlinear structural-and thermoelastic dynamics (cf. [14, 5, 19, 24] ). They have been applied successfully to contact [26, 6, 27, 15, 17, 21, 20] as well as to domain decomposition problems [18] .
An outline of the present work is as follows. A summary of the basic equations in the context of continuum mechanics is given in Section 2. In particular, we derive the strong and the weak form of the problem. In Section 3 we apply the spatial discretization using NURBS based shape functions and derive a redesigned mortar method based on the discrete virtual work. To this end, we verify frame-indifference properties of the modified constraints. The equations of motion and the energy-momentum scheme are dealt with in Section 4. Representative numerical examples are presented in Section 5. Eventually, conclusions are drawn in Section 6.
Formulation of the problem
In this section we provide a short outline of the fundamental equations. We consider a general non-linear mechanical system, artificially subdivided into several sub-domains i, 1 
has to hold at all times t 2 ½0; T.
Spatial discretization
Inspired by developments in the context of isogeometric analysis (see Cottrell et al. [7] and the references therein for a comprehensive survey of this topic) we apply NURBS based shape functions for the approximation of displacement based finite elements in space 
Here, p, q, r denotes the order of the non-rational B-Spline shape functions N, M and L, recursively defined as follows
beginning with
The definition for M and L follows analogously. Furthermore, w i;j;k are NURBS weights, for details see Piegl and Tiller [30] . The global index A for the shape functions is connected to the indices i 2 ½1; . . . ; n; j 2 ½1; . . . ; m and k 2 ½1; . . . ; l in the parameter space.
In particular, a connectivity array is used for implementation, similar to the location matrix defined in Hughes [22] of coordinates in the parameter space, which provide a definition for finite elements, such that a point A : i; j; k ! n i ; g j ; f k in the parameter space addresses a node in the physical space, i.e. a corner of an element.
Remark. Details on the characteristics of the isogeometric approach such as continuity, explicit representation of specific shape functions and repeated knots, mesh generation and refinement can be found in Cottrell et al. [7] and the references therein. We will deal with this specific class of shape functions in a general way, such that the following domain decomposition method can be applied without restrictions to all possible NURBS solids. Note that the control points q ðiÞ A can be dealt with analogues to the nodes of Lagrangian elements. We only have to take care about the fact that the control points can be, but do not have to be part of the geometry, i.e. of the curve, surface or solid.
Discrete virtual work
Now, the semi-discrete form of the virtual work reads and @R A =@n follows directly from (10) . The last force contribution (14) will be dealt with in Section 3.3.
Discrete mesh-tying constraints
The goal of this section is to provide an adequate, mortar based method for a nonconforming domain decomposition of NURBS based solids. The discrete balance of linear momentum across the interface reads t ð1Þ;h ; du ð1Þ;h À du
where we have to define t ð1Þ;h for NURBS based interfaces which are usually of higher order. A brief discussion of higher order (in particular quadratic) interpolation in connection with mortar contact methods can be found in Puso et al. [32] and in Fischer and Wriggers [11] , a detailed analysis can be found in Hauret and Le Tallec [16] . In Hesch and Betsch [18, 19] the shape functions of the underlying displacement approximation are used to interpolate the Lagrange multipliers. Optimal convergence for higher order NURBS interpolation can only be achieved by using higher order interpolation of the Lagrange multiplier field, i.e. a quadratic interpolation of the Lagrange multipliers for cubic interpolation of the geometry. Higher order NURBS interpolation of the Lagrange multiplier field may become difficult, if the interface is not constructed by an open knot vector. In that case, the interpolation of the interface depends on a large set of control points, resulting in a large number of constraints which is inefficient and potentially overconstrained. A higher order Lagrangian interpolation is possible if additional nodes are placed on the interface. Here, we restrict ourself to linear shape functions due to the generality within the application, i.e. we can apply it to arbitrary h-, p-and k-refined bodies.
Note that this approach is potentially underconstrained for extremely coarse meshes in conjunction with higher order NURBS. In general, a one dimensional system has a knot vector with n + p + 1 entries which correlates in our approach with the number of Lagrange multipliers reduced by the overall number of multiplicities.
Four corner nodes of each surface element of the interface, independent of the order of the underlying NURBS solid are given, such that we can always apply a linear interpolation of the Lagrange multipliers
Here, N A : B ! R are linear Lagrangian shape functions associated with the nodes A 2x ð1Þ , wherex ð1Þ denotes the set of element nodes (not the control nodes) at the physical surface. Inserting (22) in (21) yields
where n AB and n AC are the mortar integrals, given by
The NURBS parametrization P B R B q B and P C R C q C of the respective interface surface can be derived from the adjacent volume element, as shown in Temizer et al. [33] .
Remark. The presented linear interpolation of the Lagrange multipliers can be used independent of the order of the NURBS. As a result, the proposed method allows the combined use of Lagrangian and NURBS based shape functions.
Evaluation of the mortar integrals
Next a segmentation process for the numerical evaluation of the mortar integrals in (24) will be developed. To illustrate this process, we utilize a 3d version of Cook's membrane, shown in Fig. 1 . For details on the geometry and the mesh see Section 5.1. The NURBS in this example are of order p, q, r = 2 and 5 Â 5 Â 5 control points are used to control 3 Â 3 Â 3 elements. Then we decompose the membrane into two nonconforming discretized parts by successively eliminating elements and applying an hrefinement to the left part, such that this part consists of 2 Â 4 Â 4 elements. In contrast to that the right part consists of 1 Â 3 Â 3 elements, see Fig. 2 . Note that there are different ways to decompose a given CAD geometry. The geometry can be decomposed and then meshed independently, or we can mesh the whole system and decompose the mesh afterwards. Since the last one is more general and includes the former we focus on this approach.
Next, we have to split the internal surfaces into segments. Several efficient and powerful segmentation routines have been developed in the past (see [31, 32, 18, 20] ), which can be modified with little effort for NURBS based solids. To illustrate these modifications, we adapt the 4-step method in Hesch and Betsch [20] : (1) Project orthogonally the nodes on the mortar side to the opposing surface using the KTS algorithm developed in Temizer et al. [33] . (2) Project orthogonally the nodes on the non-mortar side using once again the KTS algorithm. Note that we do not project on a projected mesh as in Hesch and Betsch [20] to simplify the algorithm. (3) Search for intersections between the edges. The algorithm in Hesch and Betsch [20] can be adapted by using the NURBS shape functions for the edges. Similar to the surfaces the edges can be derived from the adjacent volume elements. (4) Apply a Delaunay triangularization to each element on the mortar side. The triangularization is related to the parameter space, thus no modification is necessary.
In Fig. 3 the segmentation of the decomposed membrane is displayed. Note that the segmentation process runs independently of any application of h-, p-or k-refinements, since we always obtain surface elements with 4 corner nodes and 4 corresponding edges in the physical space.
For each segment we obtain local coordinates n 
can be applied to parametrize the interface. The mortar integrals for each segment can now be calculated by insertion of (25) 
To apply a Gauss integration, the Jacobian J seg of each segment is required 
Remark 1. The physical position of the Gauss points on both surfaces do not necessarily coincide with their orthogonal projections, although the corner nodes of the segments do. An alternative solution relies on the evaluation of the orthogonally projected Gauss points instead of the careful evaluation of the mortar projections. More details on this discussion can be found in Puso et al. [32] .
Remark 2. As shown in Puso [31] , warped meshes can not be exactly integrated. Within our numerical tests, a 4 point Gauss integration has shown to be sufficient, but the number of quadrature points should be adjusted for higher order NURBS.
Reformulation of the mortar constraints
In this section we propose a reformulation of the mortar constraints following the development in Hesch and Betsch [18] to retain conservation of both linear and angular momentum. Therefore, we decompose the Lagrange multipliers into normal and tangential components 
Augmented coordinates
Guided by the development in Hesch and Betsch [19] we introduce augmented coordinates d A which equal the normal vector evaluated at each corner node of the elements, analogues to the Lagrange multipliers. To determine the value of the augmented coordinates, we apply additional constraints
and interpolate the augmented coordinates using the linear shape functions introduced for the interpolation of the Lagrange multipliers 
and
Thus, for the constraints (35) 
is valid (for a detailed discussion see Puso [31] ). With regard to (36) and (38) 
where we have made use of the rotational properties in (45). Note that the properties (46) and (47) hold for (36) as well.
Discretization in time
At last we deal with the discretization in time of the finitedimensional mechanical system under consideration. To this end we cast the discrete version of (7) (38) in conjunction with (30) . Note that the reformulated constraints (35) can be easily implemented using approach (48) by removing the augmented coordinates and replacing the constraints. Next, we apply an energy-momentum scheme (see [18] ) as follows
where ðÞ nþ1=2 ¼ ½ðÞ n þ ðÞ nþ1 =2 denotes the mid-point configuration for a typical time-step n ! n þ 1 using a time-step size Dt. rVðq n ; q nþ1 Þ denotes the discrete gradient of the strain energy function in the sense of Gonzalez [14] . In fact, the time integration scheme is not effected by the use of NURBS based shape functions, such that we can follow the arguments in Hesch and Betsch [18] to verify the conservation properties in a brief summary.
Conservation properties

Conservation of linear momentum
Assuming the absence of external forces we obtain for the linear momentum map L within each time-step
For the first term on the right hand we receive
Note that the discrete second Piola-Kirchhoff stress tensor reads
For the second term follows
where we have made use of property (46).
Conservation of angular momentum
For the angular momentum map J follows analogously
The first term vanishes due to the skew-symmetry of q A;nþ1=2 Â q B;nþ1=2 and the symmetry of R h n;nþ1 . For the second term follows
where we have taken (47) and (49) 3 into account.
Conservation of energy
Eventually, we verify algorithmic conservation of energy. Scalar multiplication of (49) 2 by v nþ1=2 yields
where we have taken (49) 1 into account. Due to the discrete gradient (52) we can recast the last equation as follows 1 2
For the last term we state that
is valid, since the constraints are at most quadratic in q and d and we end up with
where E ¼ 1=2v Á Mv þ VðqÞ denotes the total energy.
Examples
Cook's membrane
The first static example deals with a decomposed and partially h-refined membrane structure, known as Cook's membrane. In particular we consider a 3d version of Cook's membrane with constant thickness h = 10. The initial mesh is shown in Fig. 1 A Dirichlet boundary condition has been applied to the left side, whereas a Neumann boundary condition has been applied to the right side of the membrane. In particular, a surface load acts with a constant load P = [0, À200, 500] on the specified surface. Fig. 4 displays the deformed configuration, whereas Fig. 5 shows the distribution of the norm of the Cauchy stresses of the left sub-domain. For comparison we have modified the KTS method (see Temizer et al. [33] 4 ) using Lagrange multipliers instead of a penalty method and applied it to the problem at hand. The stress distribution of the left sub-domain is displayed in Fig. 6 .
Note that we have applied the Lagrange multipliers on the interface of the right sub-domain, such that we used 3 Â 16 multipliers for the KTS as well as for the mortar method.
Patch test
The next static examples deals with a standard three dimensional patch test. An exploded drawing of the reference configuration is given in Fig. 7 . The lower block is meshed using (2 Â 2 Â 2) quadratic NURBS based elements, whereas the upper block is meshed using 3 Â 3 Â 3 linear Lagrangian elements. The lower block is fixed at the bottom, such that it can elongate in the xand y-direction, but is fixed in the z-direction, i.e. we should get a uniform and homogeneous stress distribution. A constant pressure field P = [0, 0, À12000] is applied to the top of the upper block. The material model and data are the same as in Section 5.1. Fig. 8 shows the von Mises stress distribution after the application of the load to the upper body. The Lagrange multipliers are assigned to the top surface, such that we deal with 3 Â 16 multipliers. The interface remains flat as expected.
L-shaped block
The last problem under consideration deals with an L-shaped block, decomposed into two parts as shown in Fig. 9 . The larger part consists of 3 Â 3 Â 11 quadratic NURBS based elements, the smaller part of 2 Â 2 Â 2 quadratic NURBS based elements using overall 389 control points. An Ogden type material model
has been applied, where k a ¼ J À1=3 k a are modified principal stretches. The corresponding material constants are 
where q 0 denotes the reference density. Furthermore, 40 mortar segments and 60 Lagrange multipliers are used to enforce the mesh-tying constraints. A sinusoidal normal pressure load has been applied for the first second to the back and the front surface with P max ¼ 1000. Apart from that, no other boundary conditions or external fields have been applied, such that the L-shape can move free in space. The whole time interval is set to [0, 20] using a constant time-step size of Dt = 0.1. Snapshots at successive points in time are depicted in Fig. 10 . The three components of angular momentum plotted over time are shown in Fig. 11 . As can be seen, all three components are preserved after the initial loading phase. Furthermore, Fig. 12 shows the total energy also plotted over time.
As expected, the total energy remains conserved after the initial loading phase, i.e. the change in total energy remains below the stop criterion of the Newton iteration 10
À4
.
Conclusions
In this work, we presented a newly designed mortar method for domain decomposition problems in the context of isogeometric analysis. To this end, we have redesigned the mortar integrals for the application of NURBS based shape functions. An important feature of the proposed approach is the combined use of Lagrangian and NURBS shape functions. This makes possible to apply isogeometric analysis in a reasonable fashion and to use Lagrangian shape functions if necessary.
Guided by previous developments in Hesch and Betsch [18] we have applied a specific augmentation technique to achieve an energy-momentum consistent formulation of the constrained mechanical system at hand. In particular, the presented approach can be viewed as a straightforward extension of energy-momentum schemes to isogeometric analysis, leading to a remarkably stable and robust time integration scheme.
